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Early history

Hooke's law

1676 ut tensio, sic vis ("as the extension, so the force")
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Deformations

Different types of stress
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~Some math formulas

Configuration at time t=t_ Present Configuration at time t

X2 1 (X2)

X1 5 (X1)

X3 . (X3)



Some math formulas

Configuration at time t=t_ Present Configuration at time t
ry = I (.I'] I 1) I . f)
Ty = To(x1, 29, 23,1)
o A ) _
X2 . (XZ) _ Ty = .1'3(.1'1..1'2..1'3.f)
Let uy, us, ug be the displacements of point P(xy, x5, 23)
T =z +wi(x1,29,23,1)
To = T9 + uo(xy1, 9,23, 1)
> —

X1 (X] ) Ty = r3+ ug(ry, re.x3, 1)

Inverse can be given as,

X3 1 (X3)



~Some math formulas

Jacobian matrix

0T 0T 0T
=.') — — _ _ O dxo dra
[)T(f)] _ 'i {-'i'.-} _ I1,29,I5 _ 050  O%o O

ﬂ){-"i’.-'} I1.,.I9,I3 dxry Oxre  Oxa

dra  Oxa 013
Or1 Oxo Oxa

Let W be the strain energy density function for elastic material

W =w(J])



Some math formulas

Expand W ([¢]) in Taylor series about ["]
oW 1 W .
W =W + et —{"H+ = e} — {92+
1+ g, (€~ D+ 3 |, (6 16D
1 PW 03
31 9{c)3 [En]({;} —{€) +-..

More precisely, using index notation. we can write the above equation as,

1
W =Cy+ Cij(-fjj — :"'?j) + gcijkl(fij - E?j)(EH - EEI)"'

1
gcfjk!'mn(fij o E?j)(EH - EEI)(EH’HI - E?nn) + ...



Some math formulas
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~Some math formulas
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Cauchy stress tensor



Some math formulas

We can write ', or [C] as follows:

Cii Cipa Ci3 Cuyp Ci5 Cig
Cog  Chg Coy Chs Chg

-

Cl =
symm. Ciy Cys Cug
Css  Che
C6

Thus we can write the following,
11—1

o
o
l

O

33 — 3,

{o} =[Cl{g} 234 , 13—5 , 1256



- Birch-Murnaghan equation
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Birch-Murnaghan equation
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- stress(o) — strain(e) relation

PHYSICAL REVIEW B, VOLUME 65, 104104

Symmetry-general least-squares extraction of elastic data for strained materials
from ab initio calculations of stress
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stress - force per unit area
strain - resulting compression/stretching
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stress(o) — strain(e) relation
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stress(o) — strain(e) relation
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stress(o) — strain(e) relation
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(Ti: Sumj= 1,6Cij8j

>(E+e)=2(E)+s= 3

6 comp. 21 comp.



DFT calculations of elastic properties

M. J. Mehl, J. E. Osburn, D. A. Papaconstantopoulos, and B. M.
Klein, Phys. Rev. B 41, 10 311 (1990).

M. J. Mehl, J. E. Osburn, D. A. Papaconstantopoulos, and B. M.

Klein, in Alloy Phase Stability and Design, edited by G. M.

Stocks, D. P. Pope, and A. F. Giamei, MRS Symposia Proceed-

ings No. 186 (Materials Research Society, Pittsburgh, 1991), pp.
277-282.

* '--, ' '. 2 Harnessing the power of supercomputing and state of the art electronic
The structure methods, the Materials Project provides open web-based access

to computed information on known and predicted materials as well as

M ate ri als powerful analysis tools to inspire and design novel materials.
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VASP code & elastic constants

INCAR
KPOINTS
POTCAR
POSCAR



VASP code & elastic constants

KPOINTS
POTCAR
POSCAR

IBRION =6
ISIF >= 3

POTIM = 0.015 +/-
NFREE = Integer (usually 2 / 4)



VASP code & elastic constants
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VASP code & elastic constants

IBRION =6
ISIF >= 3

POTIM = 0.015
NFREE =4

Eo
E( + oE>» Ey + oE;
~ - T f'J"""
<
Q 0 )r X;
s w L N




VASP code & elastic constants

IBRION =6
ISIF >= 3

POTIM = 0.015
NFREE = 2
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VASP code & elastic constants

A
oK,

POTIM = 0.001+0.015 10K

Young modulus=f (STEP, enmax, KPOINTS)




VASP input/output as an example

The Born criterion



VASP input/output as an example

Al. LDA results

TOTAL ELASTIC MODULI (kEBar)

Direction W WY

XK 919, 3255 58E8. 6109
Y 588.6109 918.7531
Z7 588. 5349 588. 3125
xY 0.0304 0.027
¥Z -0.0143 -0.0022
ZX -0, 0000 0.001a

Al. GGA results

TOTAL ELASTIC MODULI (kEar)

Direction w Y

o 1001.0323 629, 9660
Y 629, 9660 1000, 2397
Z7 629. 8624 629, 5681
Y -0.0394 -0, 0189
YL 0.0261 0. 0051
Zx 0.0103 0.0284

Cll, 1010Ha

C12,

10T Ta

Cas,

10T Ta

10,73

6,08

2,83

11,42

6,31

3,06

11,63

6,48

3,09




Bulk & Shear moduli

Cubic phase (Cy;, Cy4, and Cy,) Tetragonal phase (Cyy, C33, Cyy, Cgg, Cy2, and Cy3)

By=Br=(Cy; +2Cy,)/3, By=(1/9)[2(Cy; + Cyp) + C33+4Cy3],

GV= (l[30)(M + BCH — 3C12+ 12C44+6Chﬁ),
Gy=(Cy1—C1p+3C4)/5,
Bp=C?*M,
Gp=5(C-C,))Cy/14C 1+ 3(C,-C
R=3C = C)ClACu+3Cu=Cl 1880 + 1610y - Co+ (6/C) + (1)
M=Cy + Cp+20C33-4C3,

C*=(Cy1 + C1p)Cs3—2Cs.



Bulk & Shear moduli

Monoclinic phase (Cyy, Cpy C335 Cayy Cssy Cogs Cr25 Cr3s Caas a = C33Cs5— Cs,
Cis, Cas, Cas, and Cyg)

b=CyCss— Cy5Css,
By=(1/9)[C; + Cyp+ C33+ 2(C1 + Ci3+ Ca3)], IR RS

= CISCES - CI5C33=

'Gp': (1!'5)[6” + CE.E._I_ C33 +3(C44+ 655 +Cﬁﬁ)
d=C3C55— C5C35,
_(Clz_l,_ C13+C23)], 13%-55 15%135

e= (1305 — €150,
Br=0[a(Cyy+ Cp—2Cp) +b(2C, —2Cy — Cp)

+¢(Ci5s—2C55) +d(2C 5+ 2Cy; — C13—2Cyy) f=C(CyCss— C35) = C1p(C12Css5 — C15Cs)
+2¢(Cys— Cy5) +f17, + C15(C1aCas = C15C) + Cos(Co3Cs5 = CosCs3),

g =C11CpCs3— C11C33— CppCly — C33CT, +2C1C15C0,
Gr=15{4[a(Cy; + Cyp+ Cyy) + b(Cy; — C15— Ca3) + ¢(Cy5

+C)s) +d(Cyp— Cpp — Cp3— Cy3) + e(Cys — Cys) + f1/€)
+3[g/Q + (Cyg + Ceg)(CagCos — C2)T} "

(1 =2[C5C35(C33C 15 — C13C13) + C5C35(CpC o3 — C1pCr3)
+ C55C35(Cy1Ca3 — C15Cy3)] = [Ci5(CxCa3 — C33)
+ C%S(Gl 1C33— C%:a} + C%ﬁ(cllcﬂ - C%z}] + 2Css.



Bulk & Shear moduli

Moayne ynpyrocti, Ma
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W Bulk & Shear moduli

TABLE 1. Calculated lattice constants (in A) and bulk modulus B, (in GPa) and its pressure derivative By
of KMgF; at the theoretical equilibrium volume compared with the experiment and other theoretical calcu-
lations. The bulk moduli have been calculated both at the experimental and fheoretical volumes [By(V5*P) and
By(VY), respectively].

Lattice constant Bo(VE) Bo(V(™P) B)
GGA*? 4.0809 72.01 97.85 4.65
LDA? 3.9630 91.47 83.23 4.79
LDA, LAPWP 3.91 90.97 4.64
Experiment 4.0060(2).2 3.973.€ 3.978+0.05 4 71.2(2).2 7041 4703
3.9897.% 3,993 1 3.08392 75.1,1 75.61

“Present work.
PReference 19.
“Reference 10.
dReference 34.
“Reference 36.
Reference 35.
gReference 29.
hReference 12.
'Reference 13.
iReference 14. PHYSICAL REVIEW B 76, 014107 (2007)



Some useful relations

Newton-Laplace equation:

- \/Bg+ sG [ E1-v)
Sl =N T T () (1 —2v)

G
Csolid,s — —

P

Correlations with melting point:

LLLLLLLLLLLLLLL

Soft and fragile materials:
B <~ 1.75 -fragile

G .. 1.7S - soft
Young's modulus: E =2G(1 +v) = 3B(1 — 2v)

Poisson's ratio: For isotropic materials

1 E
VR — — ——
2 6B
percentage of elastic anisotropy:
- 44 (Zener)
11 <12 _
A¢ = Gy G (Chung-Buessem)

Gy + Gy



Thank you for attention



